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1. INTRODUCTION 
The spectrum of the differential equation 
$[P$] +(x-!7)Y=o (1) 
is considered for the interval (0, a~), for the case where the boundary con- 
ditions at I = 0 and z = cc are limit circle and limit point, respectively, and 
there exists a singularity at a point in the interval. This singularity is charac- 
terized by the existence of a pole of order one belonging to p(z). It can be 
shown that at this singular point, both independent solutions are finite, 
whereas their derivatives vanish. 
An equation of the form (I), with the associated singularity in p(z), occurs 
in the study of time harmonic infrasonic waves [l], where the coefficients p 
and 4 are functions of frequency and vertical temperature profile, and y is 
proportioned to the excess pressure. The problem wherein p possesses a pole 
occurs at low frequencies, and the modes corresponding to the discrete 
spectrum are important in the study of long distance propagation of the 
pressure pulse produced by large explosions in the atmosphere. The existence 
and number of the discrete modes depend upon the structure of the atmos- 
phere, especially upon the functional dependence of the ambient temperature 
on altitude [2]. 
For the usual case where p(x) does not possess a pole, a suitable trans- 
formation upon both y and x places Eq. (1) in the normal form 
d2y 
dx2 + Y@ - Q(4) = 0, 
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where Q(X) is L(0, co). It is shown by Titchmarsh [3] for this case, that there 
is a continuous spectrum in 0 < h < co, and that there may exist a discrete 
spectrum in (- co < X < 0) which is bounded below ([3], [2]). In contrast 
to this, it will be shown here, that for a simple pole, the discrete spectrum 
is unbounded in - co < h < 0. There will be no change in the continuous 
spectrum, since the presence of the pole at z = z0 does not produce any 
change in the integrability properties of independent solutions in the neigh- 
borhood of z = z,, . Because of this, only the discrete spectrum will be inves- 
tigated. A general treatment on the existence of the discrete spectrum, 
followed by an asymptotic development on the location of the discrete 
spectrum for h -+ - co, will be given. 
The functional behaviour of p(s) and q(s) will be unspecified apart from 
the following conditions. p(x) will be related to the twice differentiable func- 
tion h(z) 
p(z) = (z - %y w, 6) 
where h(z) is nonzero in the range 0 < z < co; and h(z) will have the follow- 
ing behavior for x -+ co: 
44 - w=>, a<+. (ii) 
In the analysis that will be given in this paper, an additional restriction upon 
h(x) will be required, namely that 
h’(z,) = 0. (iii) 
For simplification, p(z) will be normalized so p(O) = - 1. This does not 
place any further restriction on p(s). The function q(z) must satisfy the 
following integrability conditions 
(iv) 
for 0 < z < co, and 
s 
mp’lyz) q(x) dz < a3 (4 
z 
for z. < z < co. 
2. THE ASSOCIATED DIFFERENTIAL EQUATION 
As a first step in the analysis, the appropriate associated differential equation 
having the following form 
; m +(~-!7l)Y=o, (3) 
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where qr(z) belongs to L(0, co), will be sought, for which exact solutions are 
known. Such an equation may be found by reducing Eq. (I), by the sub- 
stitution y = p-Ijaw, to an equation of the general form 
where x(z) and #r( z ) are bounded functions independent of A. It is seen [4] that 
the asymptotic solution of the above equation for j h / + co displays Stoke’s 
phenomenon. Hence, it is suggested by the analysis in [4] that the appro- 
priate associated equation should be 
Y” 
g + w [,2 - f  p - T] = 0, (4) 
where 
s2 = x 
$2 = ,:1 
0 < arg s < rr (5) 
(6) 
y = @v%p2, (8) 
since $ $2@-2 differs from 3/[4(2 - ~,,)a] only by an analytic function. Because 
$” has a zero of order one at z = x0, the appropriate Riemann sheet will 
have to be specified in the definition of 4. In this connection, the following 
arguments of $ and @ will be prescribed 
arg+ = 0, arg @ = 0 for x > q); 
arg# = +, 
3iT 
arg @ = 2 for 2 < 20. 
The general sol u t ion of Eq. (4) is given by 
w = py-‘m,,,(~), 
where 
5 = sdj (8) 
and the functions Ca,,(~) are Bessel functions of order $. 
Transforming Eq. (4) back into an equation of the form of (3), it can be 
shown that 
(9) 
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Thus, with the choice of q1 given by Eq. (9), the independent solutions of 
the associated Eq. (3) are 
yl(z) = (~~)“” f@(f) Pi’12, (10) 
y2(z) = (~$5)~‘~ E&Q e-7ni’12. (11) 
Because of the stated behavior of p(z) at x = zO , !P’ will vanish at ,a = x0 , 
whereas Y will be finite. This implies then that pr(z) will be nonsingular at 
z = z,, . From the behavior of p(z) for z -+ CO, it can be shown that 
forx,<x<oo,andthat@(z)-+coasz+co. 
The asymptotic behavior of yr and ya , which will be needed later, is 
presented as follows. For z + oc), (with s fixed), or for 1 s I-+ co (with x 
fixed and z > .zJ, yr and y2 have the asymptotic form 
yl(z) N (T)l” eif 
y2(z) N (z)1’2 e-if 
(12) 
(13) 
provided that - r < arg s < r. For 1 s 1 ---f co, with x fixed and x < x0 , 
the asymptotic behavior is given by the relations 
where 
provided that 
yl(z) N (z,“” {& - i&f} 
Y2M Al-.-i - ( ) 
24 112 eii 
, 
77 
[ = e-2rit = - i 1 @ I s, 
-$<args<$-. 
3. THE DISCRETE SPECTRUM 
(14) 
(15) 
The solution of Eq. (1) satisfying the following boundary conditions at 
z=o 
y(0) = sin OL, y’(0) = - cos a (16) 
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is given by 
y(z) = cos aK(.z, 0) + sin oJ(3c(z, 0) + /l K(z, X) 0(x) y(x) dx, 
where 
(17) 
and 
mf, 4 = - 2 CYlW Y2(4 - YZW Y&)1 (18) 
44 = Mx) - q&)1. (1% 
In the above equation, &(z, 0) denotes the value of the partial derivative of 
K(z, 3) with respect to X, at x = 0. 
In considering the discrete spectrum, interest will be limited to real 
negative values of h, hence, set 
s = it (20) 
where t is real and positive. As a preliminary, bounds upon the solution 
y(z, t) will be found for arbitrary t. The functions q(z) and V(Z) will be 
introduced, where +) will be precisely specified by the relation 
and v(z) will be unspecified, except that it be bounded and positive definite in 
the interval 0 < z < co and have the following asymptotic behavior for 
z--+cc 
v(z) N pyz>. (22) 
A particular choice for V(Z) could be given by the relations 
where zr is some arbitrary point lying in the open interval (z. , co). From the 
asymptotic behavior of the functions yl(z) and ya(z), it is seen that 
and 
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are uniformly bounded with respect to x and t, for 0 < p < t < CO. Hence, 
on setting 
one obtains from Eq. (17) the inequality 
(24) 
Since 0(z) v-“( z is nonsingular and bounded in 0 < x < CO, and has the ) 
asymptotic behaviour for x + 0~) 
it can be shown from the a priori requirements upon p and q given in the 
introduction, that 
I 
’ 1 Bv-~ 1 dx < co 
0 
for all x in (0, co). It then follows [5] that 
ImIi(C~+~)fexp[~~~jBv-21d*]-11. (25) 
This implies that w will be bounded for all z and 0 < p < t < co. From this, 
the asymptotic behaviour of Eq. (17) for x -+ co, and arbitrary positive 
values of t, can be obtained as follows: 
y(x) N qW2(x) e+n(*‘M(it) + @/2(z)/mL(x, z) 19(x) y(x) dx + O(e-n(*)), (26) 
0 
where AI is a real function given by the relation 
M(d) = F [ cos ayl(0) + sin ~~yr’(0) + 1,” yr(x) 0(x) y(x) ds] (27) 
and 
Since y(z) e-rl(z) -r . v (z) 1s bounded, it can be shown that for z -+ co 
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and 
s ‘,5(x, z) O(x) y(x) dx - 0 ;$l!z(o) J“* 1 0(x)1 
0 0 
dx/ 
+ 0 /V2(4 enfZ’ ,k I 44 C(x)1 dj 
- o{c$~‘~(z) esfz)}, 
where .a* is chosen so that 
CD(z) = 2C4a*). 
Relationship (26) can be expressed in the form 
y(z) - ~1/2(.z) enc*){M(it) + O(l)}, 
from which it is seen, that in order for y(z) to belong to L2(0, CO), M(it) must 
vanish, i.e., 
+ cos ay1(0) + f sin c~yr’(O) + f s” y,(x) e(x) y(x) dx = 0. (28) 
0 
Since it can be shown that M(s) is an analytic function of s regular 
for Im s > 0, the zeros of M(it) are isolated points. Hence, there is a point 
spectrum in - co < h < cc given by the zeros of Eq. (28). 
4. ASYMPTOTIC BEHAVIOR OF THE POINT SPECTRUM 
From Equation (25) it is seen that 
IY(4 5 enczb(z) 0 (f) 
for t + co, from which it follows that the asymptotic behavior of Eq. (28) 
for t + co, is given by 
yYl(o) + +yl’(o) + 0 gj = 0. (29) 
With the employment of the asymptotic expressions developed for n(z) in 
Section 2, this can be expressed in the explicit form 
sin [t 1 @(O)j + +] + 0 (+) = 0 sin 01 # 0 
SPECTRAL DISTRIBUTION FOR A DIFFERENTIAL EQUATION 603 
and 
cos [t 1 Q(O)] + $1 + 0 (+) = 0 sin 01 = 0. 
The asymptotic values of the point spectrum A,, where iV takes on positive 
integer values, are immediately obtainable and are given by 
AN = - tN2, (30) 
(31) 
(32) 
It is seen that the main effect of the pole upon the spectrum, is to produce a 
point spectrum which is unbounded below. 
5. SOME SPECIAL CONSIDERATIONS 
For some special cases, uniform asymptotic solutions of Eq. (1) may be 
obtained, with the result that error bounds may be established for the 
asymptotic values of the discrete spectrum. By performing the transformation 
5 = (Q @y/3, 
where @ is defined by Eq. (7) and setting 
y = (y4 w, 
one can reduce Eq. (1) to the form 
where 
(33) 
and the prime represents differentiation with respect to [. Uniform asymp- 
totic solutions for large A can be obtained from Olver [6], providedf(5) can 
be represented in the form 
f(5) = 5W3), (34) 
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where h([a) is an analytic function of 53. In this case (33) reduces to Olver’s 
case D. 
Representation (34) is possible if q(z) is an analytic function of c3 and p(z) 
is expressible in the form i$ = exp H(13), w h ere H(c3) is an analytic function 
of 53. 
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